Abstract. The first two authors showed in [1] how the Conley-Zehnder index of any contractible periodic Reeb orbit of a non-degenerate toric contact form on a good toric contact manifold with zero first Chern class, i.e. a Gorenstein toric contact manifold, can be explicitly computed using moment map data. In this paper we show that the same explicit method can be used to compute Conley-Zehnder indices of non-contractible periodic Reeb orbits. Under appropriate conditions, the (finite) number of such orbits in a given free homotopy class and with a given index is a contact invariant of the underlying contact manifold. We compute these invariants for two sets of examples that satisfy these conditions: 5-dimensional contact manifolds that arise as unit cosphere bundles of 3-dimensional lens spaces, and 2n + 1-dimensonal Gorenstein contact lens spaces. As illustrative contact topology applications, we show that diffeomorphic lens spaces might not be contactomorphic and that there are homotopy classes of diffeomorphisms of some lens spaces that do not contain any contactomorphism.
Introduction
The first two authors showed in [1] how the Conley-Zehnder index of any contractible periodic Reeb orbit of a non-degenerate toric contact form on a good toric contact manifold with zero first Chern class, i.e. a Gorenstein toric contact manifold, can be explicitly computed using moment map data. In this paper we show that the same explicit method can be used to compute Conley-Zehnder indices of non-contractible periodic Reeb orbits, discuss several examples and give applications.
Recall that the contact homology degree, or Symplectic Field Theory (SFT) degree, of a non-degenerate closed Reeb orbit is equal to the Conley-Zehnder index plus n − 2, where throughout this paper contact manifolds have dimension 2n + 1. As shown in [1, 2] , this degree is always even for the closed Reeb orbits of any non-degenerate toric contact form. Hence, given a non-degenerate toric contact form α on a Gorenstein toric contact manifold (M, ξ), with corresponding Reeb vector field R α , each contact Betti number cb j (M, α), j ∈ Z, defined by cb j (M, α) = number of closed R α -orbits with contact homology degree j, should be a contact invariant of (M, ξ), the rank of its degree j cylindrical contact homology, Unfortunately, and despite recent foundational developments (e.g. [16, 17] ), cylindrical contact homology has not been proved to be a well defined invariant in the presence of contractible closed Reeb orbits, even in this restricted context of Gorenstein toric contact manifolds.
There are however at least two particular contexts that allow us to conclude that the contact Betti numbers are indeed contact invariants:
(i) Gorenstein toric contact manifolds that have crepant (i.e. with zero first Chern class) toric symplectic fillings. (ii) Gorenstein toric contact manifolds that have a non-degenerate toric contact form with all of its closed contractible Reeb orbits having Conley-Zehnder index strictly greater than 3 − n, i.e. SFT degree strictly greater than 1.
Indeed, in both of these contexts we can use positive equivariant symplectic homology to conclude that the contact Betti numbers are contact invariants, which will be denoted by cb j (M, ξ) or just cb j (M ) when the contact structure is clear from the context. For (i), one considers the positive equivariant symplectic homology of the filling and recent work of McLean and Ritter [14] , which uses previous work of Kwon and van Koert [8] (see [2, Remark 1.4] and [3, Section 2] ). For (ii), one considers the positive equivariant symplectic homology of the symplectization and the work of Bourgeois and Oancea [5, Section 4.1.2] . In this case, we can also consider consider the decomposition of positive equivariant symplectic homology induced by homotopy classes [γ] in the (cyclic) fundamental group of these Gorenstein toric manifolds to get possibly finer invariants of the their (co-oriented) contact structures:
j (M, ξ) = number of closed R α -orbits in [γ] with contact homology degree j.
The examples discussed in this paper are all within context (ii) above, with some being also within context (i).
The first set of examples consists of the 5-dimensional contact manifolds that arise as unit cosphere bundles of 3-dimensional lens spaces. We will show that they are Gorenstein toric contact manifolds, fit within context (ii) and compute their contact Betti numbers, including the decomposition induced by homotopy classes in the fundamental group. Note that since any 5-dimensional Gorenstein toric contac manifold has a crepant toric symplectic filling, these examples also fit within context (i).
The second set of examples consists of 2n + 1-dimensional lens spaces L 2n+1 p ( 0 , 1 , . . . , n ), arising as the quotient of the standard contact sphere S 2n+1 ⊂ C n+1 by the Z p -action with weights 0 , 1 , . . . , n ∈ Z. Such an action is free when the weights are coprime with p and the resulting smooth lens space has zero first Chern class if and only if the sum of the weights is zero mod p. Being finite quotients of the standard contact sphere, all these Gorenstein toric contact lens spaces can easily be seen to fit context (ii), although most of them do not fit context (i). We will give an explicit method to compute their contact Betti numbers and their decomposition by homotopy class of the fundamental group (see Proposition 5.1). As illustrative contact topology applications, we will then prove the following two results. Theorem 1.1. The contact lens space L 13 5 (1, 1, 1, 1, 2, −2, 1) has two inequivalent contact structures with zero first Chern class, both arising as Z 5 -quotients of the standard contact sphere S 13 . Theorem 1.2. The Gorenstein contact lens space L 15 5 (1, 1, 1, 2, −2, −2, −2, 1) has an homotopy class of orientation preserving diffeomorphisms that does not contain any contactomorphism. In fact, it has an orientation preserving diffeonorphism that acts by multiplication by 2 ∈ (Z 5 ) * on its fundamental group Z 5 , while any contactomorphism acts by multiplication by ±1 ∈ (Z 5 ) * .
The paper is organized as follows.
• In section 2 we recall fundamental facts about Gorenstein toric contact manifolds, including some (perhaps new) observations relating their fundamental groups with combinatorial properties of their toric diagrams. We will also present some examples, describing in detail the ones mentioned above.
• Section 3 is the main technical section of the paper, where we show that the explicit method developed in [1] , to compute the Conley-Zehnder index of any contractible periodic Reeb orbit of a non-degenerate toric contact form on a Gorenstein toric contact manifold, can also be used for non-contractible periodic Reeb orbits.
• In section 4 we compute the contact Betti numbers of unit cosphere bundles of 3-dimensional lens spaces, including their decomposition induced by homotopy classes in the fundamental group.
• Finally, in section 5, we give an explicit method to compute the contact Betti numbers of Gorenstein contact lens spaces and their decomposition by homotopy class of the fundamental group (Proposition 5.1), illustrate how it can be explicitly used in some examples, including Gorenstein prequantizations of CP n (Example 5.5), and prove Theorems 1.1 and 1.2.
Acknowledgements. We are grateful to Renato Vianna for asking the first named author for a toric description of unit cosphere bundles of 3-dimensional lens spaces. The answer is given in Theorem 2.15 and provides one of the two sets of examples discussed in detail in this paper.
Gorenstein toric contact manifolds
In this section we recall fundamental facts about Gorenstein toric contact manifolds that will be needed in the paper, including some (perhaps new) observations relating their fundamental groups with combinatorial properties of their toric diagrams. We will also present some examples, describing in detail the ones that were already mentioned in the Introduction, i.e. 5-dimensional contact manifolds that arise as unit cosphere bundles of 3-dimensional lens spaces and 2n + 1-dimensional lens spaces.
2.1. Toric diagrams. In this subsection we closely follow the presentation in [2] to recall the 1-1 correspondence between Gorenstein toric contact manifolds, i.e. good toric contact manifolds (in the sense of Lerman [9] ) with zero first Chern class, and toric diagrams (defined below).
Via symplectization, there is a 1-1 correspondence between co-oriented contact manifolds and symplectic cones, i.e. triples (W, ω, X) where (W, ω) is a connected symplectic manifold and X is a vector field, the Liouville vector field, generating a proper R-action ρ t : W → W , t ∈ R, such that ρ * t (ω) = e t ω. A closed symplectic cone is a symplectic cone (W, ω, X) for which the corresponding contact manifold M = W/R is closed.
A toric contact manifold is a contact manifold of dimension 2n+1 equipped with an effective Hamiltonian action of the standard torus of dimension n + 1: T n+1 = R n+1 /2πZ n+1 . Also via symplectization, toric contact manifolds are in 1-1 correspondence with toric symplectic cones, i.e. symplectic cones (W, ω, X) of dimension 2(n + 1) equipped with an effective X-preserving Hamiltonian T n+1 -action, with moment map µ : W → R n+1 such that µ(ρ t (w)) = e t µ(w), for all w ∈ W and t ∈ R. Its moment cone is defined to be C := µ(W ) ∪ {0} ⊂ R n+1 .
A toric contact manifold is good if its toric symplectic cone has a moment cone with the following properties. Definition 2.1. A cone C ⊂ R n+1 is good if it is strictly convex and there exists a minimal set of primitive vectors ν 1 , . . . , ν d ∈ Z n+1 , with d ≥ n + 1, such that
(ii) Any codimension-k face of C, 1 ≤ k ≤ n, is the intersection of exactly k facets whose set of normals can be completed to an integral basis of Z n+1 .
The primitive vectors ν 1 , . . . , ν d ∈ Z n+1 are called the defining normals of the good cone C ⊂ R n+1 .
The analogue for good toric contact manifolds of Delzant's classification theorem for closed toric symplectic manifolds is the following result (see [9] ). Theorem 2.2. For each good cone C ⊂ R n+1 there exists a unique closed toric symplectic cone (W C , ω C , X C , µ C ) with moment cone C.
The existence part of this theorem follows from an explicit symplectic reduction of the standard euclidean symplectic cone (R 2d \ {0}, ω st , X st ), where d is the number of defining normals of the good cone C ⊂ R n+1 , with respect to the action of a subgroup
where ν 1 , . . . , ν d ∈ Z n+1 are the defining normals of C, i.e. K := ker(β) where β :
is represented by the matrix
Depending on the context, which will be clear in each case, we will also denote by β the map from Z d to Z n+1 represented by this matrix. The Chern classes of a co-oriented contact manifold can be canonically identified with the Chern classes of the tangent bundle of the associated symplectic cone. The following proposition gives a moment cone characterization of the vanishing of the first Chern class that is commonly used in toric Algebraic Geometry (see, e.g., §4 of [4] ).
be the defining normals of the corresponding moment cone C ⊂ R n+1 . Then c 1 (T W C ) = 0 if and only if there exists ν * ∈ (Z n+1 ) * such that
By an appropriate change of basis of the torus T n+1 , i.e. an appropriate SL(n + 1, Z) transformation of R n+1 , this implies the following.
Corollary 2.4. Let (W C , ω C , X C ) be a good toric symplectic cone with c 1 (T W C ) = 0. Then there exists an integral basis of T n+1 for which the defining normals ν 1 , . . . , ν d ∈ Z n+1 of the corresponding moment cone C ⊂ R n+1 are of the form
The next definition and theorem are then the natural analogues for Gorenstein toric contact manifolds of Definition 2.1 and Theorem 2.2. Definition 2.5. A toric diagram D ⊂ R n is an integral simplicial polytope with all of its facets Aff(n, Z)-equivalent to conv(e 1 , . . . , e n ), where {e 1 , . . . , e n } is the canonical basis of R n .
Remark 2.6. The group Aff(n, Z) of integral affine transformations of R n can be naturally identified with the elements of SL(n + 1, Z) that preserve the hyperplane
The T n+1 -action associates to every vector ν ∈ R n+1 a contact vector field R ν ∈ X (M D , ξ D ). We will say that a contact form
In this case we will say that ν ∈ R n+1 is a toric Reeb vector and that R ν is a toric Reeb vector field. 2.2. Fundamental group. Let W C be a good toric symplectic cone and ν 1 , . . . , ν d ∈ Z n+1 the defining normals of the corresponding moment cone C ⊂ R n+1 . By a result of Lerman [10] , the fundamental group π 1 (W C ) is isomorphic (canonically with respect to base points) to Z n+1 /N , where N is the Z-span of {ν 1 , . . . , ν d }. Any toric Reeb vector field R ν , ν ∈ R n+1 , has at least m simple closed orbits γ 1 , . . . , γ m , corresponding to the m edges E 1 , . . . , E m of the cone C, and we will now determine how these simple closed orbits can be seen and related as elements of π 1 (W C ).
Consider an edge E of C obtained as the intersection of n facets with normals ν 1 , . . . , ν n . We can complete ν 1 , . . . , ν n to a Z n+1 -basis ν 1 , . . . , ν n , η . Given a toric Reeb vector field R ν , we can write ν ∈ R n+1 uniquely as
Then, the simple closed orbit γ of R ν corresponding to the edge E represents the element [sgn(b )η ] ∈ Z n+1 /N in the fundamental group of W C . Consider the homomorphism φ :
This shows that π 1 (W C ) is cyclic and is generated by any of the simple closed orbits γ of R ν . Moreover it follows that N = N is the same for each edge E and is the order of the fundamental group of W C . A way to compute this order N is the following (see also [11] ). ν 1 , . . . , ν n , η and ν k 1 , . . . , ν kn , η k be integral basis of Z n+1 corresponding to the edges E and E k , respectively. Consider the change of Z-basis
If follows from (4) that a i η k ∈ N , and so we have that N |a i for i = 1, . . . , n. Thus, the determinant being ±1 gives
Equation (3) gives
where
Moreover, this is still valid if a ij satisfy the equations
which allows the computation of c without determining η , η k .
Examples.
2.3.1. Prequantizations. One source for examples of good toric contact manifolds is the prequantization construction over integral closed toric symplectic manifolds, i.e. (M, ξ) with M given by the S 1 -bundle over (B, ω) with Chern class [ω]/2π and ξ being the horizontal distribution of a connection with curvature ω. The corresponding good cones have the form
where P ⊂ R n is a Delzant polytope with vertices in the integer lattice Z n ⊂ R n . Note that if
and the prequantization is a Gorenstein toric contact manifold with toric diagram
3-dimensional lens spaces and their unit cosphere bundles.
, where p, q ∈ N are coprime, is the quotient of S 3 ⊂ C 2 \ {0} by the free action of Z p generated by
Recall that the unit cosphere bundle S * N of any smooth (oriented) manifold N has a canonical (co-oriented) contact structure with symplectization T * N \ {0-section} with its canonical symplectic structure. We will now show that any S * L 3 p (q) is a Gorenstein toric contact manifold with toric diagram given by a parallelogram in R 2 .
Let us start by characterizing the smooth 5-manifolds that can be obtained from parallelograms in R 2 .
Remark 2.12. Note that any parallelogram is Aff(2, Z)-equivalent to one of the diagrams considered in the theorem, so this shows that any toric diagram which is a parallelogram corresponds to S * L for some lens space L. The order p of the fundamental group p is given by the area of the toric diagram.
Proof. The symplectization W of M is the toric symplectic cone determined by the good moment cone C ⊂ R 3 with normals
More precisely, it is the symplectic reduction of (C 4 \{0}, ω st , X st ) with respect to the naturally induced action of K ⊂ T 4 , with K := ker β where β :
Hence we have that
it , e −it , e −it : t ∈ R} acts naturally on S 3 × S 3 ⊂ C 2 × C 2 . By identifying C 2 with the quaternions H via (z 1 , z 2 ) → z 1 + jz 2 we can also look at S 3 as the unit quaternions, giving S 3 a Lie group structure. Notice that the maps (
are both invariant under the action of S 1 .
Lemma 2.13. The map ψ :
Proof. It suffices to show that ψ is surjective with S 1 -orbits as fibers.
follows that there is t ∈ R such that z 1 = e it z 1 and z 2 = e it z 2 . Moreover,
Thus z 3 = e it z 3 and z 4 = e it z 4 ; that is, (z 1 , z 2 , z 3 , z 4 ) = (e it z 1 , e it z 2 , e −it z 3 , e −it z 4 ), so z and z are in the same S 1 -orbit.
One can easily see that the ξ -action on S 3 × S 3 descends via ψ to a ξ -action on S 3 × CP 1 withξ
Since S 3 is a Lie group, the unit sphere bundle SS 3 admits a trivialization ϕ : SS 3 → S 3 × S 2 and S 3 × S 2 can be identified with S 3 × CP 1 via id S 3 × st, where st : S 2 → CP 1 is the stereographic projection. We will show that, under these identifications, the ξ -action on S 3 × CP 1 can be seen as a dg -action on SS 3 , where dg is the natural lift to SS 3 of the g -action on S 3 determined by
More precisely, we will prove that the diagram
commutes, where r 2α is a certain rotation of S 2 with angle 2α (see below). It will then follow that
To show that the diagram commutes, consider again S 3 ⊂ H as the unit quaternions. Since
the g -action on S 3 can be written as
. We can now think of the tangent space S x S 3 at x as the set of unit quaternions v ∈ H perpendicular to x. Thus SS 3 consists of pairs of orthogonal quaternions (x, v) ∈ H × H such that |x| = |v| = 1. We have a trivialization
Here S e S 3 is the unit sphere bundle at the identity of S 3 , that is,
For (x, v) ∈ SS 3 we have that
where r 2α (w) = e iα we −iα is the rotation of S 2 = S e S 3 with angle 2α about the i-axis. This shows that the down square of the diagram commutes. Consider now the ξ -action on S 3 × S 2 . It is clear that on the first coordinateξ acts as g. If we give spherical coordinates (θ, φ) to S 2 with respect to the i-axis, then the stereographic projection st : S 2 → CP 1 from i is given by st(θ, φ) = cot(θ/2)e iφ and the rotation around the i-axis with angle 2α is given by r 2α (θ, φ) = (θ, φ + 2α). Therefore
From this we can conclude that the top square commutes.
We will now prove that the toric contact structures on L 3 p (q) × S 2 are indeed the standard contact structures on the unit cosphere bundles S * L 3 p (q). Let us start with the case p = 1 and q = 0, i.e. when the toric diagram is D = conv((0, 0), (1, 0), (0, 1), (1, 1)). The corresponding moment cone in R 3 has normals
this cone is equivalent to the one with normals ξ D ) is the prequantization of (B = S 2 × S 2 , ω = σ 1 + σ 2 ), where σ i = π * i (σ) with π i : S 2 × S 2 → S 2 , i = 1, 2, the factor projections and S 2 σ = 2π. This prequantization is well known to be contactomorphic to S * S 3 with its canonical contact structure, but we present here a proof for completeness.
Proposition 2.14. The prequantization of (S 2 × S 2 , σ 1 + σ 2 ) is S * S 3 with its canonical contact structure.
Proof. We can use the bi-invariant metric ·, · on S 3 to identify S * S 3 with SS 3 . This provides SS 3 with a contact form α which is given by α (x,v) (U ) = pr * U, v x for (x, v) ∈ SS 3 and U ∈ T (x,v) SS 3 where pr : SS 3 → S 3 is the canonical projection. The Reeb flow for this contact form is the geodesic flow on SS 3 .
Consider the diffeomorphism ϕ : SS 3 → S 3 ×S 2 defined by (5) . Since the usual Riemannian metric of S 3 is bi-invariant for the Lie group structure on S 3 , under this diffeomorphism the geodesic flow is given by (t, (x, w)) → (x exp(tw), w); note that t → exp(tw) has period 2π for every w ∈ S 2 , so the geodesic flow gives a S 1 -action on SS 3 . We can check that this action gives a principal S 1 -bundle π : SS 3 → S 2 × S 2 where π is defined by π(x, v) = (vx −1 , x −1 v).
We want to show that the curvature form ω ∈ Ω 2 (S 2 ×S 2 ) of this bundle for the connection determined by the contact form α is σ 1 + σ 2 ; recall that ω is determined by the formula dα = π * ω.
We begin by showing that ω is invariant for the SO(3) × SO(3)-action on S 2 × S 2 . First, we note that S 3 × S 3 acts on SS 3 via left and right multiplication, that is,
2 ) . Moreover, it acts on S 2 × S 2 via conjugation on both coordinates:
We can easily check that π : SS 3 → S 2 × S 2 is equivariant with respect to these actions. Thus, if we show that α is invariant with respect to the S 3 × S 3 action on SS 3 it follows that ω is invariant with respect to the S 3 × S 3 action on S 2 × S 2 which descends to the usual SO(3) × SO(3)-action by rotations on each component. Indeed, we have:
Hence (dL g 1 ) * α = α. Note that we used that pr • dL g 1 = L g 1 • pr and that the metric ·, · is left-invariant. Similarly (dR g 1 ) * α = α, so the claim follows. Now, since the SO(3) × SO(3)-action is transitive, it is clear that this action preserves ω if and only if ω has the form λ 1 σ 1 + λ 2 σ 2 for some λ 1 , λ 2 ∈ R. We compute λ 1 by computing the integral of ω on the sphere S 2 × {i}. We can check that π maps the disk
onto S 2 × {i} and is injective in D \ ∂D (and collapses the boundary to the point (−i, i)). Hence
by Stoke's theorem and π * ω = dα. But ∂D is the closed orbit of the Reeb flow (since it is mapped by π to a point) and the closed orbits of the Reeb flow have period 2π, hence
Similarly λ 2 = 1 and thus ω = σ 1 + σ 2 . Now we prove that in general the contact structure on M D ∼ = SL is the canonical one. The inclusion ker β D ⊆ ker β Q induces a projection
which by naturality of the Delzant construction is a contact transformation (and it is also a local diffeomorphism). This projection fits in the following commutative diagram:
is the quotient projection. We already showed that ϕ is a contactomorphism, dp is also a contact transformation and a local diffeomorphism. Hence it follows that ϕ is a contactomorphism. That is, we just showed the following: 0), (1, 0), (q, p), (q + 1, p) ).
Moreover, we can understand the action of T 3 on S * L 3 p (q). For L 3 1 (0) = S 3 , this action is the action of T 3 = T 2 × S 1 where S 1 acts on S * S 3 by the geodesic flow and the action of T 2 is the lift of the usual action of T 2 on S 2 × S 2 via π : S * S 3 → S 2 × S 2 . But the later is easily seen to be induced by the action of T 2 on S 3 (the same giving S 3 a toric structure). Explicitly, identifying S * S 3 with S 3 × S 2 as before, the action is given by e iα , e iβ , e iγ · (x, w) = e iβ e γw xe iα , e iβ we −iβ .
In general, we have an action of T 2 × S 1 on S * L 3 p (q) where T 2 = T 2 /(Z p ) still comes from the usual toric structure on L 3 p (q) and S 1 still is the geodesic flow. Note that when p > 1 the geodesic flow action is no longer free.
Remark 2.16. The contact manifold S * S n+1 , or more generally S * L n+1 , is not toric when n > 2. The Gysin exact sequence computes the cohomology of S * S n+1 giving, for n > 1,
In particular H 2 (S * S n+1 , R) = 0 for n > 2. By [10] , this implies that if S * S n+1 was toric then its moment cone C ⊂ R n+1 would have d = n + 1 facets. Any such moment cone gives rise to a toric contact manifold diffeomorphic to S 2n+1 / ker β, where ker β is a finite group (cf. (2)). Since S * S n+1 is simply connected, this would be possible only if S * S n+1 was diffeomorphic to S 2n+1 , which clearly is not the case since they have different cohomology types.
2.3.3.
Higher dimensional lens spaces. We will now consider higher dimensional lens spaces, i.e. quotients of odd dimensional spheres by cyclic groups. More concretely, regarding S 2n+1 as a subset of C n+1 \ {0} we have an action of Z p generated by
2πi n p z n where 0 , . . . , n are integers called the weights of the action. Such an action is free when the weights are coprime with p and in that case we have a lens space obtained as the quotient of S 2n+1 by the action of Z p . We denote such a lens space by
Note that different sequences of weights might produce diffeomorphic lens spaces, for instance by permuting the weights, multiplying every weight by some k coprime with p and changing the sign of some weights. Moreover these are the only possibilities leading to diffeomorphic lens spaces. Suppose now that L 2n+1 is a lens space admitting a toric contact structure. We have that H 2 (L, R) = 0, since H 2 (L; Z) ∼ = Z p , which again implies that the moment cone of L has d = n + 1 facets (see Remark 2.16). Restricting ourselves to Gorenstein lens spaces, Proposition 2.3 implies that the moment cone of the symplectization of L must be SL(n+1, Z) equivalent to a cone C ⊂ R n+1 with defining normals
. . .
The system β(x) = 0, with β given by (2), can be written as
. .
n i=0 x i = 0 which has p solutions in T n+1 , generated by
Hence the corresponding contact manifold is
It is not hard to see that C is a good cone if and only if gcd(α j , p) = 1 for j = 0, 1, . . . , n − 1. Note that when n is even this implies in particular that p must be odd.
Conley-Zehnder index of non-contractible closed orbits
Let (M 2n+1 , ξ) be a good toric contact manifold and (W 2(n+1) , ω, X) its associated toric symplectic cone, obtained via symplectic reduction of (C d \ {0} ∼ = R 2d \ {0}, ω st , X st ) by the linear action of a subtorus K ⊂ T d (see (1) ). Denote by F : C d \ {0} → k * the associated moment map, so that W = Z/K with Z := F −1 (0).
Let α be a toric contact form supporting ξ. As discussed in [2, Section 3] (c.f. [6, 13] ) and assuming that c 1 (ξ) = 0, the index of every closed orbit of α can be defined using a trivialization of the determinant line bundle Λ n C ξ. In this section, we will show how to compute this index for non-contractible orbits using the above symplectic reduction description.
In order to do this, let us first explain how we dealt with contractible orbits in [1] . Consider a periodic orbit γ of α. If γ is contractible then it admits a lift to a closed orbitγ in Z of a suitable linear unitary Hamiltonian flow on C d and [1, Lemma 3.14] establishes that the Robbin-Salamon index ofγ with respect to the usual (constant) symplectic trivialization of T C d equals the Robbin-Salamon index of γ with respect to the trivialization induced by a capping disk. (The Robbin-Salamon index [18] coincides with the Conley-Zehnder whenever the periodic orbit is non-degenerate.)
Since Z is simply connected (c.f. [1, Section 3]), this lift exists if, and only if, γ is contractible. Thus, if γ is not contractible we do not have a closed lift and need to consider an arc of trajectory in C d . More precisely, let m be the smallest positive integer such that γ m is contractible (recall that the fundamental group of M is finite cyclic) and letγ be a closed lift of γ m as before. Suppose, without loss of generality, that γ m has period one so that γ has period 1/m. Consider the arcγ :=γ| [0,1/m] . We can compute the index ofγ using the constant trivialization of T C d but it turns out that, in general, this index is not equal to the index of γ if m > 1. We need to "correct" the symplectic path alongγ as stated in the next proposition.
Before we give the precise statement, let us introduce some terminology. Let g be an element of K such that Choose a symplectic frame (u 1 , . . . , u 2n+2 ) of γ * T W obtained via a global trivialization of Λ n C ξ. Let (û i ) = (dπ| D ω ) −1 (u i ) be the frame ofγ * D ω given by the lift of (u i ) and define the (or-
Denote by Φ the trivialization ofγ * T C d induced by (v i ). Since dϕ H t (X F i ) = X F i and dϕ H t (∇F i ) = ∇F i for every i ∈ {1, . . . , d − n − 1} and t ∈ R, we have, by construction, that µ RS (γ) = µ RS (γ; Φ) where the index on the left hand side is computed using the frame (u i ). Now, consider the symplectic frame (w i ) ofγ * T C d given by w i (t) = ψ(t)(v i (0)) and let Ψ be the trivialization ofγ * T C d induced by (w i ). It is easy to see that
, where the index on the right hand side is computed using the constant trivialization of T C d . Therefore, we have to show that (7) µ RS (γ; Φ) = µ RS (γ; Ψ).
To accomplish this equality, consider the extensions of the frames (v i ) and (w i ) toγ * T C d given by
for every t ∈ [0, 1/m] and j ∈ {0, . . . , m − 1}. Since g j • π = π, dg j (X F i ) = X F i and dg j (∇F i ) = ∇F i , we have that
is the lift of the obvious extension (u i ) of the frame (u i ) to (γ m ) * T W . It follows from this that
where Φ is the trivialization ofγ * T C d induced by (v i ) and the index on the right hand side is computed using the frame (u i ). We also have that
is the extension of ψ given by ψ (t + j/m) = g j • ψ(t) for every t ∈ [0, 1/m] and j ∈ {0, . . . , m − 1}. Note that ψ is a loop in SU(d) based at the identity and therefore,
where Ψ is the trivialization ofγ * T C d induced by (w i ) and the index on the right hand side is computed using the constant trivialization of T C d . We have from [1, Lemma 3.4] that the right hand sides of (9) and (11) are equal. Hence, we arrive at
Consider the map A : [0, 1] → Sp(2d) uniquely defined by the property that A t v i (t) = w i (t) for every i and t. Using (8), (10) and the fact that g j • π = π, dg j (X F i ) = X F i and dg j (∇F i ) = ∇F i we conclude that v i (j/m) = w i (j/m) for every i =⇒ A j/m = id for every j ∈ {0, . . . , m}. We have that (13) µ RS (γ; Φ ) = µ RS (γ; Ψ ) + 2µ Maslov (A ) and
Indeed,
for every i and consequently
for every t ∈ [0, 1/m] and j ∈ {0, . . . , m − 1}. But the conjugation map P → g j P g −j is clearly homotopic to the identity and therefore induces the identity map on π 1 (Sp(2d) ). Thus, all the loops t ∈ [0, 1/m] → A t+j/m , j ∈ {0, . . . , m − 1}, are homotopic to the loop t ∈ [0, 1/m] → A t . Since A is a concatenation of these loops, we conclude the equality (15) . Finally, we deduce from (12) and (13) that µ Maslov (A ) = 0. Thus, (7) follows immediately from (14) and (15), proving the proposition.
As we will now explain, Proposition 3.1 implies in particular that the explicit method to compute the Conley-Zehnder index of any contractible non-degenerate closed toric Reeb orbit described in [1, Section 5] also applies to non-contractible orbits.
Given a toric diagram
by the normalized toric Reeb vector (cf. Proposition 2.9)
, and
By a small abuse of notation, we will also write
where ν j = (v j , 1), j = 1, . . . , n, are the defining normals of the associated good moment cone C ⊂ R n . Making a small perturbation of ν if necessary, we can assume that the 1-parameter subgroup generated by R ν is dense in T n+1 , which means that if v = (r 1 , . . . , r n ) then 1, r 1 , . . . , r n 's are Q-independent. This is equivalent to the corresponding toric contact form being non-degenerate. In fact, the toric Reeb flow of R ν on (M D , ξ D ) has exactly m simple closed orbits γ 1 , . . . , γ m , all non-degenerate, corresponding to the m edges E 1 , . . . , E m of the cone C, i.e. one non-degenerate closed simple toric R ν -orbit for each S 1 -orbit of the T n+1 -action on (M D , ξ D ). Equivalently, there is one non-degenerate closed simple toric R ν -orbit for each facet of the toric diagram D.
Let γ denote one of those non-degenerate closed simple toric R ν -orbits and assume without loss of generality that the vertices of the corresponding facet, necessarily a simplex, are v 1 , . . . , v n ∈ Z n . Let h ∈ Z n be such that
Then R ν can be uniquely written as
and for contractible γ, as shown in [1, Section 5], the Conley-Zehnder index of γ N , for any N ∈ N, is given by
The value in the last coordinate of ν 1 = (v 1 , 1) , . . . , ν d = (v d , 1) and η = (h, 1) implies that jη j = 1 and so
When γ is not contractible (η, 1) ∈ Z n+1 does not have an integral lift under the map β, but it does have an integral lift modulo
. In other words, there isη ∈ Z d such that
It follows from Proposition 3.1 that the index of γ N is then given by (17) for thisη. Since g ∈ SU (d) we still have that jη j = 1 and so formula (18) remains valid when γ is not contractible.
4. Contact Betti numbers of S * (L 3 p (q)) In this section we will use formula (18) for the Conley-Zehnder index to compute the contact Betti numbers of the unit cosphere bundle of 3-dimensional lens spaces (L 3 p (q)), which by Theorem 2.15 are the Gorenstein toric contact 5-manifolds determined by toric diagrams of the form
Let E 1 , E 2 , E 3 , E 4 be the edges of the toric diagram with endpoints {v 0 , v 1 }, {v 0 , v 2 }, {v 1 , v 3 }, {v 2 , v 3 }. Consider a normalized toric Reeb vector R ε = (ε 1 , ε 2 , 1), with 0 < ε 1 , ε 2 << 1, and denote by γ j its simple closed Reeb orbit corresponding to E j , j = 1, 2, 3, 4. By taking ε 1 , ε 2 such that 1, ε 1 , ε 2 are Q-independent, we know that the Reeb flow of R ε has exactly these four simple closed Reeb orbits and they are all non-degenerate. Either by direct computation using (18) or by using [2, Theorem 1.6], we also know that by considering ε 1 and ε 2 arbitrarily small we will have that µ CZ (γ N 1 ) and µ CZ (γ N 2 ) are arbitrarily large for any N ∈ N. Hence, we just need to compute µ CZ (γ N 3 ) and µ CZ (γ N 4 ) up to arbitrarily large N ∈ N and for arbitrarily small 0 < ε 1 , ε 2 << 1.
For γ 3 , take a vector
This condition is written as
Solving the corresponding system, we find out that
Therefore, considering also 0 < ε 2 << ε 1 so that ε 2 /ε 1 is arbitrarily small, we can apply (18) to get that
For γ 4 , one can check easily that the vector η 4 = (q, p − 1, 1) is such that {ν 2 = (v 2 , 1), ν 3 = (v 3 , 1), η 4 } is a Z-basis. Solving the system we get
Therefore, considering again 0 < ε 2 << ε 1 , we can apply (18) to get that in the fundamental group correspond respectively to η 3 + N , η 4 + N , which correspond to a 2 ∈ Z p and p − 1 ∈ Z p , respectively. Let k ∈ {1, . . . , p − 1} and take r ∈ {1, . . . , p − 1} such that r ≡ kq mod p.
], for m ∈ Z ≥0 , are both the class corresponding to k ∈ Z p ∼ = π 1 (M ). We can compute
up to an arbitrarily large m. Since for contact 5-manifolds, i.e. n = 2, the contact homology degree is equal to the Conley-Zehnder index, for any non-trivial class
For the trivial class we note that deg (γ Hence, for the total cylindrical contact homology we get that
Note that these contact Betti numbers do not detect the value of q and do not distinguish any non-trivial class in π 1 (S * (L 3 p (q))).
Contact Betti numbers of higher dimensional lens spaces and applications
In this section we will use formula (18) for the Conley-Zehnder index to compute the contact Betti numbers cb * of Gorenstein contact lens spaces
with n, p ∈ N, α 1 , . . . , α n−1 ∈ Z, α 0 := α 1 + · · · + α n−1 − 1 and gcd(α j , p) = 1 for j = 0, . . . , n − 1. As illustrative contact topology applications, we will then prove Theorems 1.1 and 1.2. To simplify notation, we will denote these lens spaces by L 2n+1 p (ᾱ), withᾱ = (−α 1 , . . . , −α n−1 ) ∈ Z n−1 , and their contact Betti numbers by cb * (n, p,ᾱ) and cb
5.1. Contact Betti numbers. As we saw in § 2.3.3, the moment cone C ⊂ R n+1 of L 2n+1 p (ᾱ) has defining normals
Let E j denote the edge of C given by the intersection of all its facets except the one with normal ν j . Consider a normalized toric Reeb vector R ε = (ε 1 , . . . , ε n−1 , ε n , 1), with 0 < ε 1 , . . . , ε n << 1, and denote by γ j its simple closed Reeb orbit corresponding to E j , j = 0, . . . , n. By taking ε 1 , . . . , ε n such that 1, ε 1 , . . . , ε n are Q-independent, we know that the Reeb flow of R ε has exactly these n + 1 simple closed Reeb orbits and they are all nondegenerate. Again, either by direct computation using (18) or by using [2, Theorem 1.6], we also know that by considering ε 1 , . . . ε n arbitrarily small we will have that µ CZ (γ N j ), j = 1, . . . , n, are arbitrarily large for any N ∈ N. Hence, we just need to compute µ CZ (γ N 0 ) up to arbitrarily large N ∈ N and for arbitrarily small 0 < ε 1 , . . . , ε n << 1.
Take a vector η 0 = (a 1 , . . . , a n−1 , a n , 1) ∈ Z n+1 that completes ν 1 , . . . , ν n to a Z n+1 -basis, that is, such that the following equation holds:
Thus we can take a n ≡ α −1 0 mod p and a j , j = 1, . . . , n − 1, in a way that the above equality holds.
We now want to write R ε in the basis {ν 1 , . . . , ν n , η 0 }, i.e. we want to find b j , j = 1, . . . , n, and b such that
We get the following system
The solution for this system is given by
Therefore, considering also 0 < ε n << ε j so that ε n /ε j is arbitrarily small, for all j = 1, . . . , n − 1, we can apply (18) to get that
N α j a n p − − N a n p   up to an arbitrarily large N . Recall that {x} = x − x for any x ∈ R. Let us define the (SFT) degree function g : N → Z by
We can observe the following:
• g(N + p) = g(N ) + 2 for every N > 0. By the last property, it is clear that cb 2j (n, p,ᾱ) = # {N ∈ {1, . . . , p} : g(N ) ≤ 2j} since the congruence class {kp + N : k ∈ Z + 0 } contributes to the homology of degree 2j with 1 if g(N ) ≤ 2j and with 0 otherwise. In particular
Note also that, since {x}
and the following symmetry property follows:
For information on the decomposition induced by homotopy classes in the cyclic fundamental group of these Gorenstein contact lens spaces, note that γ 0 represents a generator and we get We summarize these facts in the following proposition.
Proposition 5.1. We have that cb j (n, p,ᾱ) = 0 whenever j is odd or j < 0 and cb 2j (n, p,ᾱ) = # {N ∈ {1, . . . , p} : g(N ) ≤ 2j} for all j ≥ 0, where g is the degree function defined by (19). In particular:
(i) cb 2j (n, p,ᾱ) = p for all j ≥ n; (ii) cb 2(n−1) (n, p,ᾱ) = p − 1; (iii) cb 2j (n, p,ᾱ) + cb 2(n−2−j) (n, p,ᾱ) = p − 1 for j = 0, 1, . . . , n − 2.
Moreover, When the decomposition induced by homotopy classes in the cyclic fundamental group is not relevant, the following definition provides a useful compact way of presenting the relevant information provided by the contact Betti numbers of a Gorenstein contact lens space. This implies that g(1) = g(4) = 2, g(2) = 0, g(3) = 4 and g(5) = 6. It follows that the contact Betti numbers sequence is cbs(3, 5, (−1, −1)) = (1, 3, 4) .
For L 7 5 (1, −1, −1, 1) we have that n = 3, p = 5, α 1 = α 2 = 1. Then α 0 = 1 and we can take a n = 1 ≡ 5 1 −1 in (19) to get that the degree function is given by
This implies that g(1) = g(2) = g(3) = g(4) = 2 and g(5) = 6. It follows that the contact Betti numbers sequence is cbs(3, 5, (1, 1)) = (0, 4, 4) .
Example 5.5. When n + 1 = kp for some k ∈ N, the contact lens space L 2n+1 p (1, . . . , 1) is Gorenstein. Indeed, we can take α j = −1, j = 1, . . . , n − 1, α 0 = −n = 1 − (n + 1) ≡ p 1 and a n = 1. The degree function (19) is given by
When N ∈ {1, 2, . . . , p − 1} we get g(N ) = 2 N p + (n − 1) − n 1 − N p = 2 N (n + 1) p − 1 = 2(kN − 1) .
It follows that
cb 2 * (kp − 1, p, (−1, . . . , −1)) = j whenever j = 1, . . . , p − 1 and kj − 1 ≤ * < k(j + 1) − 1.
For example, this implies that the contact Betti numbers sequence of Gorenstein real projective spaces, i.e. RP 2n+1 with n odd, is cbs(n, 2, (−1, . . . , −1)) = (0, . . . , 0, 1, . . . , 1) with (n − 1)/2 zeros and (n + 1)/2 ones.
It also implies that the contact Betti numbers sequence of the prequantization of (CP n , [ω] = 2πc 1 (CP n )), i.e. L 2n+1 p (1, . . . , 1) with p = n + 1 (hence k = 1), is cbs(n, n + 1, (−1, . . . , −1)) = (1, 2, . . . , n) .
5.2.
Applications. We will now prove Theorems 1.1 and 1.2.
To prove Theorem 1.1, we will show that that the Gorenstein contact lens spaces 
